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Skeleton summary: 
Item 1. Use of a transcendental appmxhation i n  transient conduction with 
a non-linear boundary condition. . 
I t e m  2. Combined t ransient  conduction and radiation, 
Item 3. Transient conduction i n  a passive probe fo r  measuring adaptive 
response of human skin heat transfer. 
Item 4. Approximation of repeated integral8 of the  error function. 
Report 
I t e m  1. Use of a transcendental amroximation i n  t ransient  conduction 
with a non-linear boundary condition 
The report Wse of a transcendental approximation i n  t ransient  conduction 
analysistt by P. D. Richardson and I?. W. Smith, subadtted t o  NASA i n  July 1965, 
described solutions obta&neci by asymptotic procedures. It was noted tha t  thes 
solutions. Hore recently, consideration was given t o  correcting the ttlong-time 1 had high accuracy for  the cases where comparison could be made with analytic 
solutions t o  short-timea, and it was then realized tha t  the solutions previoubly 
described as asymptotic a r e ,  i n  fact, complete fo r  all (non-negative) time, 
consequence, it is necessary t o  make ninor amendments i n  the descriptive terms 
of the report previously mentione4 (cr revised; versioh is aW5b)e)  . 
In 
I t e m  2. Combined transient conduction and radiatio? 
(confer Itea 4 of Report f o r  April 1965 - October 1965, and Item 2 of 
Report fo r  October 1965 - April 1966) 
a i s  investigation ha8 been carried out t o  determine transient teinpera- 
tu re  distributions i n  configurations where self-radiation of st ructures  18 
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important. 
(as  outlined i n  the twa previms status reports) soins resul ts  f o r  a closely 
related problem were published by kiinter (Int. J1. I-ieat iiaser Trans. 9, p. 527); 
bJinterts results were obtained by finite-difference mthods executed by an 
electronic d i g i t a l  computer. Dr, iu-inter has bten kind enough t o  supply de t a i l s  
of his computations which permit comparison of the methods f a i r l y  directly,  
Subsequent t o  the completion of t he  studies by variational methods 
I n  an attempt t o  ref ine the  method used previously i n  t h i s  study t o  
This 
cases where the transient conduction i s  significantly two- and three-dimensional, 
a hybrid scheme has been developed based on variatioizal formulations, 
requires some d i g i t a l  computations for assessment of accuracy, and these are 
now being planned. 
Transient conduction i n  a passive probe f o r  measuring adaptive . .  . I t e m  3. 
response of human skin h e a t  t ransfer  
(confer I t e m  3 of prevois progress report) 
The objective of t h i s  study was t o  analyse the resu l t s  of some experi- 
ments which had been performed t o  assess the  influence of sudden, localized chan 
changes of thermal load on the  conductance of human skin, When the  computations 
were completed it was found tha t  the variation of conductance with time was 
effect ively independent of the  ini t ia l  temperature t o  which the skin was 
eaosed  a t  the  beginning of each test. 
Item 4 ,  Approdination of repeated i n t e m a l s  of the error  function 
(confer Item 5 of Report f o r  April 1965 - October 1965) 
A note 
e r ror  function 
i s  attached as 
describing a method of approximating repeated integrals  of the 
which i s  convenient for  calculation by hand o r  d i g i t a l  computer 
an Appendix. 
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AN APPROXIMATION FOR THE REPEATED INTEGRALS 
OF THE ERROR FUNCTION 
D. A. CYGAN and P. D. RICHARDSON 
Division of Engineering, Brown Universi ty  
Providence, Rhode Is land  
When conduction occurs i n  a semi - in f in i t e  homogeneous s o l i d  
i n i t i a l l y  a t  a uniform temperature with t h e  boundary condi t ion  
t h e  s o l u t i o n  is 
Carslaw and Jaeger  C11 remark t h a t  i f  a p a r t i c u l a r  0 ( 0 , t )  can be 
approximated by a series 
e (0 , t )  = x p  tni2 n 
then  t h e  s o l u t i o n  is  simply t h e  corresponding sum of terms as given 
i n  eqn. (1). 
might be l a r g e l y  because of t h e  t r o u b l e  of handling t h e  repea ted  
i n t e g r a l s  o f  t h e  e r r o r  funct ion.  
cf. [2],  bu t  computation usua l ly  r e q u i r e s  use of a recur rence  
r e l a t i o n ,  and t h i s  has t h e  d i s t r e s s i n g  f e a t u r e  of progress ive ly  
reducing t h e  number of s i g n i f i c a n t  d i g i t s ,  as noted by Kaye i n  h i s  
computations C33. 
This method of  so lu t ion  is  used less f r equen t ly  than  it 
R e s t r i c t e d  t a b u l a t i o n s  do e x i s t ,  
’. 
I 
c 
2 
Some s t u d i e s  have r ecen t ly  been made, r e l a t e d  t o  laminar 
boundary l a y e r  problems, i n  which a r a t h e r  v e r s a t i l e  y e t  simple 
approximation func t ion  was found to  l e a d  t o  r e s u l t s  of good 
accuracy [4,5]. This func t ion  is 
This  approximation is p o t e n t i a l l y  u s e f u l  fo r  r ep resen t ing  monotonic 
func t ions  of t h e  s o r t  encountered i n  many d i f f u s i o n  problems. I t  is  
convenient f o r  c a l c u l a t i o n  by hand or  d i g i t a l  computer, where it de- 
mands only a un ive r sa l  subrout ine.  
t h a t  t h i s  approximation can represent  w e l l  t h e  normalized n-th i n t e -  
There are reasons to suspect  
g r a l  of t h e  error func t ion  with appropr ia te ly  chosen va lues  fo r  a 
and bn. 
n 
A previous ca l cu la t ion  had ind ica t ed  c loseness  for  t h e  first 
i n t e g r a l  of t h e  error func t ion ,  and it can e a s i l y  be shown t h a t  
(asymptot ica l ly)  fo r  l a r g e  n t h e  normalized n-th i n t e g r a l ,  
in e r f c ( r l ) / i  n e r fc (01 ,  tends  t o  a simple nega t ive  exponent ia l ,  as 
does pro(n)  as a becomes la rge .  
To accomplish t h e  ob jec t ive  of us ing  t h e  p r o f i l e  func t ion  pro(n)  
as an  approximation, values  for  ( a  b ) t o  r ep resen t  n’ n 
in e r f c ( z ) / i n  e r f c ( 0 )  must be found. This  could be  sought i n  a 
leas t - squares  mode of approximation, bu t  t h i s  is a major computational 
process.  Here, t h e  values  f o r  (an, bn) are sought which s a t i s f y  t h e  
condi t ions  t h a t  t h e  first de r iva t ives  are equal  a t  zero  value of t h e  
independent v a r i a b l e ,  and t h a t  the  i n t e g r a l s  of t h e  normalized 
repea ted  i n t e g r a l  and of t h e  approximation are equal.  
condi t ion  l eads  t o  
The first 
3 
2r$. + 1) b exp a = n n n-1 
r + +  1) 
and t h e  second condi t ion  can be s t a t e d  as 
The two s i d e s  of t h i s  equation can be  reduced sepa ra t e ly ,  such t h a t  
t h e  equat ion can be w r i t t e n  
where E is 1 
(41, bn can 
t h e  exponent ia l  i n t eg ra l .  
be e l iminated t o  give 
By combining eqns. (3) and 
2 
- exp an E1(exp a,). ( 5 )  = Gn (exp an)e 
+ 1)) 
r+ n-1 + 1) r+ n + l  + 1) 
The va lues  of Gn range from Go = 0.63661977 t o  G 
From Table 5.1 of 121 it can be seen immediately t h a t  a 
exceeds un i ty ,  and t h a t  an+l > a 
for an is l i s t e d  i n  Table I. 
of n is  p a r t i c u l a r l y  easy; t h e  right-hand s i d e  of equat ion ( 5 )  has  
t h e  form xeX E (x ) ,  which is a well-known func t ion  f o r  l a r g e  X. 
+ 1.0 as n + -. 
s l i g h t l y  
n 
1 
as is expected. A set of va lues  n’ 
The c a l c u l a t i o n  of a for f u r t h e r  va lues  n 
1 
The d i f f e rences  between t h e  normalized n-th repea ted  i n t e g r a l s  
. " .  
. 4. 4 
and t h e  corresponding approximations us ing  t h e  va lues  for  a 
Table I were computed f o r  n = 1, 2, 3, 4, 5 ,  6 ,  10. 
error was found t o  be r a t h e r  small ,  wi th  a maximum of about 0.0025 
for  n = 1 a t  rl = 0.500. The v a r i a t i o n  of error with 11 is i l l u s -  
t r a t e d  i n  Fig. 1 for  n = 1, 5 and 10. Approximate error extrema 
are l i s t e d  i n  Table I for  a l l  n computed. 
i n  n 
The abso lu te  
- 
The abso lu te  errors found here should be completely n e g l i g i b l e  
in app l i ca t ions  t o  thermal o r  ma te r i a l  d i f f u s i o n ,  The approxima- 
t i o n  func t ion  descr ibed here  can be used conf ident ly  as a substi- 
t u t e  for  t h e  repea ted  i n t e g r a l s  of t h e  error func t ion  fo r  n 2 1, 
and can also be used t o  generate good approximations f o r  values  
of n for  which no t abu la t ions  now e x i s t .  
This s tudy  was supported by t h e  U. S. National  Aeronautics 
and Space Administration under Grant NGR-40-002-012, and t h i s  
support  is g r a t e f u l l y  acknowledged. ' 
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TABLE I 
n 
1: 
2 
3 
4 
5 
6 
7 
8 
9 
10 
Constants f 
Gn 
0.785398 
0.848826 
0.883573 
0.905415 
0.920388 
0.931824 
0.939563 
0.946066 
0.951308 
0.955622 
1 approxim 
exp a n 
2.983 
4.858 
6.784 
8.735 
10.700 
12.674 
14.654 
16.639 
18.624 
20.612 
c 
:ion func 
a n 
1.093 
1.581 
1.915 
2.167 
2.370 
2.540 
2.685 
2.812 
2.924 
, 3.026 
ion 
n b 
0.5941 , 
0.4644 
0.3917 
0.3446 
0.3107 
0.2848 
0.2646 
0.2480 
0.2342 
0.2224 
Extrema 0:  
1st extremum 
0.00247 
0.00094 
0.00046 
0.00024 
0.00014 
0.00010 
... 
... 
... 
0.00003 
error 
2nd extremum 
-0.00161 
-0.00057 
-0.00026 
-0.00015 
-0.00009 
-0.00005 
... 
... 
... 
-0.00001 
d-' 
FIGURE CAPTION 
FIG 1. Curves i l lus tra t ing  error of approximation from normalized 
. exponential integral .  The error decreases rapidly a s  t h e  
order of the integral  increases.  
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